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Abstract
In a previous paper (Avotina et al. Phys. Rev. B 71, 115430 (2005)) we have shown that in
principle it is possible to image the defect positions below a metal surface by means of a scanning
tunnelling microscope. The principle relies on the interference of electron waves scattered on the
defects, which give rise to small but measurable conductance fluctuations. Whereas in that work
the band structure was assumed to be free-electron like, here we investigate the effects of Fermi
surface anisotropy. We demonstrate that the amplitude and period of the conductance oscillations
are determined by the local geometry of the Fermi surface. The signal results from those points
for which the electron velocity is directed along the vector connecting the point contact to the
defect. For a general Fermi surface geometry the position of the maximum amplitude of the
conductance oscillations is not found for the tip directly above the defect. We have determined
optimal conditions for determination of defect positions in metals with closed and open Fermi
surfaces.
PACS numbers: 73.23.-b,72.10.Fk
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I. INTRODUCTION
The interference of electron waves scattered by single defects results in an oscillatory
dependence of the point contact conductance G (V ) on the applied voltage V. This effect
originates from quantum interference between the principal wave that is directly transmitted
through the contact and the partial wave that is scattered by the contact and the defect or
several defects. Such conductance oscillations have been observed in quantum point contacts
[1–4] and investigated theoretically in the papers [3, 5–7].
In our previous paper [8] the oscillatory voltage dependence of the conductance of a tunnel
point contact in the presence of a single point-like defect has been analyzed theoretically
and it has been shown that this dependence can be used for the determination of defect
positions below a metal surface by means of a scanning tunnelling microscope (STM). In
the model of a spherical Fermi surface (FS) the amplitude of the conductance oscillations is
maximal when the contact is placed directly above the defect. The oscillatory part of the
conductance ∆G for this situation is proportional to
∆G (V ) ∼ cos
(
2z0
√
k2F +
2meV
~2
)
,
where z0 the depth of the defect and kF and m are the Fermi wave vector and effective mass
of the electrons [8]. Materials with an almost spherical FS are most suitable for this model.
In most metals the dispersion relation for the charge carriers is a complicated anisotropic
function of the momentum. This leads to anisotropy of the various kinetic characteristics
[9]. Particularly, as shown in Ref. [10], the current spreading may be strongly anisotropic in
the vicinity of a point-contact. This effect influences the way the point-contact conductance
depends on the position of the defect. For example, in the case of a Au(111) surface the
‘necks’ in the FS should cause a defect to be invisible when probed exactly from above.
Qualitatively, the wave function of electrons injected by a point contact for arbitrary FS
ε (p) = εF has been analyzed by A. Kosevich [10]. He noted that at large distances from
the contact the electron wave function for a certain direction r is defined by those points on
the FS for which the electron group velocity is parallel to r. Unless the entire FS is convex
there are several such points. The amplitude of the wave function depends on the Gaussian
curvature K in these points, which can be convex (K > 0) or concave (K < 0). The parts of
the FS having different signs of curvature are separated by lines of K = 0 (inflection lines).
In general there is a continuous set of electron wave vectors for which K = 0. The electron
flux in the directions having zero Gaussian curvature exceeds the flux in other directions
[10].
Electron scattering by defects in metals with an arbitrary FS can be strongly anisotropic
[9]. Generally, the wave function of the electrons scattered by the defect consists of several
superimposed waves, which travel with different velocities. In the case of an open constant-
energy surface there are directions along which the electrons can not move at all. Scattering
events along those directions occur only if the electron is transferred to a different sheet of
the FS [9].
In this paper we analyze the effect of anisotropy of the FS to the possibility of determi-
nation of the position of a defect below a metal surface by use of a STM. We show that the
amplitude and the period of the conductance oscillations are defined by the local geometry
of the FS, namely by those points for which the electron group velocity is directed along
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the radius vector from the contact to the defect. General formulas for the wave function
and point contact conductance are obtained in sections II and III. In Sec. IV the asymp-
totic forms of the wave function and the point contact conductance for large distances of
the defect from the contact are found. The general results are illustrated for two specific
models of the FS: an ellipsoid (Sec. V) and a corrugated cylinder (Sec. VI). Using these
models, for which analytical dependencies of the conductance on voltage and defect position
can be found, we describe the manifestation of common features of FS geometries to the
conductance oscillations: anisotropy of a convex part (‘bellies’), changing of the curvature
(inflection lines) and presence of open directions (‘necks’).
II. THE SCHRO¨DINGER EQUATION FOR QUASIPARTICLES
Let us consider as a model for our system a nontransparent interface located at z = 0
separating two metal half-spaces, in which there is an orifice (contact) of radius R centered
at the point r = 0. The potential barrier in the plane z = 0 is taken to be a delta function,
U (r) = Uf (ρ) δ (z) , (1)
where ρ = (x, y) is a two dimensional vector in the plane of the interface, with r = (ρ,z).
The function f ( ρ) → ∞ in all points of the plane z = 0 except in the contact, where
f (ρ) = 1. At the point r = r0 near the contact in the upper half-space, z > 0, a point-
like defect is placed. The electron interaction with the defect is described by the potential
D (r− r0) , which is confined to a small region with a characteristic radius rD around the
point r0.
It is known that one can obtain an effective Schro¨dinger equation for quasiparticles in
a metal from the dispersion relation ε (p) , (the band structure) by replacement of the
quasimomentum p (below for short we write momentum) in the function ε (p) with the
momentum operator p̂ = ~
i
∇ [9]. Here we do not specify the specific form of the dependence
ε (p), except that it satisfies the general condition of point symmetry ε (p) = ε (−p). For
simplicity we assume that FS has only one sheet; there is only one zone described by the
function ε (p) . In the reduced zone scheme a given momentum p identifies a single point
within the first Brillouin zone. The wave function ψ (r) satisfies the Schro¨dinger equation
with an effective Hamiltonian ε (p̂),
ε (p̂)ψ (r) + [ε− U (r)− eV (z)]ψ (r) = D (r− r0)ψ (r) , (2)
where U (r) is defined by Eq. (1), V (z) is the applied electrical potential, and ε is the
electron energy.
We consider a large barrier potential U. In this case the amplitude t of the electron wave
function passing through the barrier is
t (ε,pt) ≈
~
(
vinz − vrefz
)
2iU
, (3)
where vinz and v
ref
z are the z-components of the velocity v = ∂ε (p) /∂p of incident electrons
(in) and electrons specularly reflected by the barrier (ref), respectively. Under condition
of specular reflection the energy ε and the component of the momentum tangential to the
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interface, pt = (px, py) at z = 0 are conserved. The components of the electron momentum
perpendicular to the interface, pinz (pt, ε) and p
ref
z (pt, ε) are related by the equations,
ε
(
pint , p
in
z
)
= ε
(
preft , p
ref
z
)
= ε; pint = p
ref
t ≡ pt. (4)
The velocities vinz and v
ref
z have the opposite sign
vin ·N < 0, vref ·N > 0, (5)
where N is a unit vector normal to the interface laying in the half-space of the electron wave
under consideration (N = (0, 0, 1) for z > 0 and N = (0, 0,−1) for z < 0). We will assume
that the crystallographic axes in half-spaces z ≷ 0 are identical. In this case the momenta
and velocities for electrons incident on the barrier and for those transmitted through the
barrier are equal.
In general Eq. (4) may have several solutions, i.e. several specularly reflected states may
correspond to an incident state with momentum pinz . Such reflection is called multichannel
specular reflection [11]. Below we assume that there is only one reflected electron state.
In the limit of a small probability of electron tunnelling through the barrier, |t|2 ≪ 1
the applied voltage drops entirely over the barrier and we take the electric potential to be a
step function V (z) = V Θ (−z) . The reference point of zero electron energy is the bottom
of the conduction band in the upper half-space, z > 0. The conduction band in the lower
half-space z < 0 is shifted by a value eV. We also assume that the applied bias eV is much
smaller than the Fermi energy and in solving the Schro¨dinger equation (2) we neglect the
electric potential V (z) . Equation (2) can be solved by using perturbation theory with the
small parameter |t| ≪ 1 [12]. In the zeroth approximation in this parameter we have the
problem of an impenetrable partition between two metal half-spaces.
We start by solving for the wave function ψ(0) (ε,pt; r) for a tunnelling point contact of
low transparency, |t| ≪ 1 without defects (D (r− r0) = 0). The wave function ψ(0)0 (r), in
zeroth order in the parameter |t| ≪ 1, satisfies the boundary condition ψ(0)0 (z = 0) = 0 at
the interface,
ψ
(0)
0 (ε,pt; r) = e
iptρ/~
(
eip
in
z z/~− eiprefz z/~
)
. (6)
Let us consider an electron wave exp (ipr/~) incident on the junction from the lower
half-space z < 0, so that vz > 0. In this half-space to first approximation in the parameter
t the solution ψ(0) (r) of the homogeneous Schro¨dinger equation can be written in the form
[12]:
ψ(0) (r) = ψ
(0)
0 (r) + ϕ
(−) (r) ; z < 0, (7)
where the second term, ϕ(−) (r) ∝ t, describes the changes in the reflected wave as a result of
transmission through the contact. The wave function transmitted into the half-space z > 0
is proportional to the amplitude t,
ψ(0) (r) = ϕ(+) (r) ; z > 0. (8)
The function ψ(0) (ρ, z) satisfies the condition of continuity and the condition of conservation
of probability flow at z = 0. For small |t| these conditions reduce to
ϕ(−) (ρ, 0) = ϕ(+) (ρ, 0) ; (9)
teiptρ/~ = f (ρ)ϕ(+) (ρ, 0) . (10)
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In the absence of defects (D = 0) the solution of the Schro¨dinger equation is given by [8, 12],
ϕ(+) (ρ, z) = t
∞∫
−∞
dp′t
(2pi~)2
F (pt − p′t) ei
(
p
′
t
ρ+p
(+)
z (ε,p
′
t
)z
)
/~
, (11)
where
F (pt − p′t) =
∞∫
−∞
dρ
ei(pt−p
′
t
)ρ/~
f (ρ)
; (12)
p
(±)
z (ε,p′t) are roots of the equation
ε
(
p′t, p
(±)
z
)
= ε (p) , (13)
corresponding to waves with velocities v
(+)
z (ε,p′t) > 0 and v
(−)
z (ε,p′t) < 0.
Let D (r) be a spherically symmetric scattering potential for a point-like defect, with
a range rD that is order of the Fermi wave length λF (D ≪ D (0), the maximal value of
D, when |r− r0| ≫ rD). For a point-like defect (rD → 0), the right hand side in the
Schro¨dinger equation (2) can be rewritten as D (r− r0)ψ (r0) [16]. This makes it possible
to find a solution to Eq.(2) by means of the Green function G+0 (r
′, r; ε) of the homogeneous
equation (at D = 0). The wave function scattered from the defect, ψ (r), can be expressed
in terms of the wave function ϕ(+) (r) transmitted into the upper metal half-space,
ψ (r) = ϕ(+) (r) + ϕ(+) (r0)
J (r, r0)
1− J (r0, r0) , (14)
where
J (r, r0) =
∫
dr′D (r′ − r0)G+0 (r′, r; ε) . (15)
Because the Green function has a singularity at r→ r′ Eq. (14) is correct if the integral
J (r, r0) (15) converges in the point r = r0.
To proceed with further calculations we assume that the scattering potential is small
and use perturbation theory in the interaction with the defect. This implies that we take
|J (r0, r0)| ≪ 1. The wave function solution, that is linear in |t| and with a contribution to
first order in D, is
ψ (r) = ϕ(+) (r) + ϕ(+) (r0)
∫
dr′D (r′ − r0)G+0 (r, r′; ε) . (16)
The Green function G0 (r, r
′; ε) in zeroth approximation in the parameters D and |t| should
be calculated from the wave functions (6),
G+0 (r, r
′; ε) =
∫
dp
(2pi~)3
ψ
(0)
0 (r)
(
ψ
(0)
0 (r
′)
)∗
ε− ε ( p)− i0 . (17)
This is the Green function of the Schro¨dinger equation in the half-space z > 0 with hard-wall
boundary conditions at z = 0. Substituting the wave function ψ
(0)
0 (r), Eq. (6), for z > 0 in
Eq.(17) we find,
G+0 (r, r
′; ε) =
1
i~
∫
dpt
(2pi~)2
eipt(ρ−ρ
′)/~+ip
(+)
z z/~
v
(+)
z − v(−)z
(
e−ip
(+)
z z
′/~− e−ip(−)z z′/~
)
; z > z′. (18)
5
For 0 < z < z′ one should make the replacements z ↔ z′ and p(−)z ↔ −p(+)z in Eq. (18); p(±)z
are given by Eq. ( 13).
The main contribution to the integral in Eq. (16) comes from a small region near the
point r′ = r0. Far from the point r = r0 (|r− r0| ≫ rD) the solution (16) takes the form:
ψ (r) = ϕ(+) (r) + gG+0 (r, r0; ε)ϕ
(+) (r0) , (19)
where
g =
∫
dr′D (r′ − r0) (20)
is the constant of electron-impurity interaction.
III. POINT-CONTACT CONDUCTANCE
The electrical current I (V ) can be evaluated from the electron wave functions, ψ, of the
system through [13],
I (V ) =
2e
(2pi~)3
∫
dpIpΘ (vz) [nF (ε)− nF (ε+ eV )] . (21)
Here
Ip =
∞∫
−∞
dxdy Re (ψ∗v̂zψ) (22)
is the density of probability flow in the z direction for the momentum p, integrated over a
plane z = xconst, nF (ε) is the Fermi distribution function, and v̂ is the velocity operator,
v̂ = ∂ε (p̂) /∂p̂. For the definiteness we choose in Eq.(21) eV > 0. At low temperatures the
tunnel current is due to those electrons in the half-space z < 0 having an energy between
the Fermi energy, εF, and εF+ eV , because on the other side of the barrier z > 0 only states
with ε > εF are available.
After performing the integration over a plane at z ≫ z0, where the wave function (19)
can be used, we find the density flow (22) becomes,
Ip = |t (ε,pt)|2 pi3~R4
〈(
v(+)z
)2〉
ε
ν (ε)+ (23)
|t (ε,pt)|2 gpi2R4
~
Re
∫
dp′t
(2pi~)2
iv
(+)
z (p′t) e
−ip′
t
ρ0/~
v
(+)
z (p′t)− v(−)z (p′t)
(
e−ip
(+)
z (p
′
t
)z0/~− e−ip(−)z (p′t)z0/~
)
×
∞∫
−∞
dp′′t
(2pi~)2
e
i
(
p
′′
t
ρ0+p
(+)
z (p
′′
t
)z0
)
/~
;
where the mean value at energy ε is obtained by integration over the surfaces of constant
energy in momentum space,
〈. . . 〉ε =
∫
εp=ε
dSp
|v|
. . .∫
εp=ε
dSp
|v|
, (24)
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scaled by the velocity, |v| =
∣∣∣ ∂ε∂p ∣∣∣. In Eq. (23), p(+)z (pt) and p(−)z (pt) are given by Eq. (13)
and ν (ε) is the electron density of states per unit volume.
Taking into account Eq. (23) we can calculate the current-voltage characteristics I (V ).
The conductance G (V ) is the first derivative of the current I (V ) with V and in the limit
T → 0 we obtain,
G (V ) =
∂I
∂V
= e2ν (ε) 〈Ip〉εF+eV . (25)
After integration over Sp (24), Eq.(25) should be expanded in the parameter eV/εF ≪ 1.
IV. ASYMPTOTICS OF THE WAVE FUNCTION AND THE CONDUCTANCE
In this section we find the wave function at a large distances from the contact, r ≫ λF,
and an asymptotic expression for the conductance in the limit of a large distance between
the defect and the contact, r0 ≫ λF and a small contact radius, R ≪ λF, where λF is the
characteristic electron Fermi wave length. For R → 0 the function F in Eq. (12) takes the
form [8],
F (pt − p′t) = piR2, (26)
and the wave function (11) can be written as
ϕ(+) (ρ, z) = t (ε,pt) piR
2
∞∫
−∞
dp′t
(2pi~)2
e
i
(
p
′
t
ρ+p
(+)
z (p
′
t
)z
)
/~
. (27)
Let us consider the integral
Λ (r,ε) =
∞∫
−∞
dp′t
(2pi~)2
eiΓ(pt,r), (28)
where Γ (pt, r) is the phase accumulated over the path travelled by the electron between the
contact and the point r,
Γ (pt, r) =
1
~
(
ptρ+ p
(+)
z (pt) z
)
. (29)
This kind of integrals appear in the expressions for the wave function (Eqs. (27), and
(18),(19)) and for the conductance (Eqs. (23),(25)). At a large distance, r ≫ λF, the
exponent under the integral in Eq. (28) is a rapidly oscillating function and the integral can
be calculated by the stationary phase method (see, for example, Ref. [17]). The stationary
phase points pt = p
(st)
t are defined by the equation,
∂Γ
∂pt
∣∣∣∣
pt=p
(st)
t
= 0. (30)
With Eq. (29) we find:
ρ+ z
∂p
(+)
z (pt)
∂pt
∣∣∣∣∣
pt=p
(st)
t
= ρ− z v
(+)
t (pt)
vz (pt)
∣∣∣∣∣
pt=p
(st)
t
= 0. (31)
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For r ≫ λF the asymptotic value Λas (r,ε) of the integral (28) is given by
Λas (r,ε) =
cosϑ
2pi~r
√
|K0|
exp
[
iΓ0 + i
pi
4
sgn
(
∂2pz
∂p
(st)2
x
)
(1 + sgnK0)
]
. (32)
Here
Γ0 (ε, r) = Γ
(
p
(st)
t , r
)
(33)
is the phase (29) in a point defined by Eq. (31), K (ε,p) is the Gaussian curvature of the
surface of constant energy ε (px, py, pz) = ε, and cosϑ(r) = z/r is the angle between the
vector r and the z axis. At the stationary phase points the curvature K (ε,p) can be
written as
K0 (ε,n) =
[
1
|v|2
∑
i,k=x,y,z
Aiknink
]
pt=p
(st)
t
, (34)
where Aik =
∂ det(m−1)
∂m−1
ik
(p)
is the algebraic adjunct of the element
m−1ik (p) =
∂2ε
∂pi∂pk
(35)
of the inverse mass matrix m−1 [15]; ni are components of the unit vector n = r/r. Note
that for an arbitrary FS mik(p) in the point pt = p
(st)
t depends on the direction of vector r.
It is follows from Eq. (31) that the velocity at the stationary phase point p
(st)
t is parallel to
the radius-vector r = (ρ,z).
If the curvature of the FS changes sign, Eq. (31) has more then one solution pt = p
(st)
t,s
(s = 1, 2...). In that case the value of the integral (28) is replaced by a sum over all points
p
(st)
t,s , which in the limit of large distances is,
Λ (r,ε) ≈
∑
s
Λass (r,ε) , (36)
with Λass (r,ε) given by Eq. (32) for each stationary phase point s. It may also occur that
Eq. (31) does not have any solution for given directions of the vector r, and the electron
cannot propagate along these directions. These two energy surface properties result in com-
plicated patterns of the distribution of the modulus of the wave function: 1) For directions
for which Eq. (31) has several solutions a quantum interference pattern of the electron waves
with different velocities should be observed. 2) When Eq. (31) has no solution for the se-
lected direction of the vector r classical motion in this direction is forbidden and the wave
function is exponentially small.
For large values r, r′ ≫ λF the asymptotic behaviors of the Green function, Eq. (18), and
of the conductance, Eq. (25) at r0 ≫ λF, can be found analogous to the evaluation of the
integral in Eq. (28). The slowly varying functions of the momentum must be taken in the
stationary phase point. For the partial wave scattered by the defect that is moving towards
the interface p
(+)
z (pt) in Eq. (29) must be replaced by p
(−)
z (pt). In this case the stationary
points have a group velocity v(−) directed from the point r0 towards the contact. From the
central symmetry of the FS, ε (p) = ε (−p), it follows that the two stationary phase points
for the function Γ (pt, r) are antiparallel, p
(+)(st) = −p(−)(st) ≡ p(st).
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Next, we derive an asymptotic expression for the wave function (19), with r, |r− r0| ≫ λF,
for a symmetric orientation of the FS with respect to the interface, so that v
(+)
z = −v(−)z ,
p
(+)
z = −p(−)z and m−1ik = 0, if i 6= k. Under these conditions the wave function (19) takes
the form,
ψ (r) ≈ ϕ(+) (r) +
gi
4pi~
ϕ(+) (r0)
∑
s
(
1
v
(+)
z (p
(1)
t,s )
Λass (ρ− ρ0, z + z0; ε) −
1
v
(+)
z (p
(2)
t,s )
Λass (ρ− ρ0, |z − z0| ; ε)
)
, (37)
with
ϕ(+) (r) ≈ tpiR2
∑
s
Λass (r,ε) . (38)
In Eq. (37) the velocity v
(+)
z is taken in the stationary phase points p
(st)
t = p
(1,2)
t,s correspond-
ing to the directions of the vector with coordinates (ρ− ρ0, |z ± z0|).
We have assumed for the Gaussian curvature, Eq. (34), that K0 6= 0 in the stationary
phase points p
(st)
t . For those points at which K0 = 0 the integral (28) diverges. This means
that the third derivative of the phase Γ (pt, r) (29) with respect to pt must be taken into
account. In Sec. V this is done for a model FS having cylindrical symmetry with respect to
an open direction. Here we only note that the amplitude of the wave function ϕ(+) (r) (38)
in a direction of zero Gaussian curvature is larger than for other directions, and decreases
more slowly as compared to the ∼ 1/r dependence of Eq.(32). This results in an enhanced
current flow near the cone surface defined by the condition K0 = 0 [10]. The same effect
also appears in the second term of the wave function (37), that describes the scattered wave:
the amplitude of this partial wave is maximal in the directions of zero Gaussian curvature.
If the FS has a flat part, i.e. Eq.(31) holds at all points of a FS region of finite area Sfl,
the associated electron waves propagate in the metal without decrease of their amplitude
[10]. For the flat part the dispersion relation ε (p) can be presented as ε (p) = v0p, where
v0 = const is the electron velocity. For such FS the asymptotic value of the integral (28) is
Λasfl (r,ε) =
v0zSfl
|v0| (2pi~)2
exp
(
iεr
~ |v0|
)
. (39)
When the distance between the contact and the defect is large, r0 ≫ λF, we obtain the
conductance of the tunnel junction, using Eq. (23) and the asymptotic expression for the
wave function (37),
G = G0
1− g
2pi~2
〈(
v
(+)
z
)2〉
εF
ν (εF)
∑
s,s′
ReΛass (r0,εF, eV ) ImΛ
as
s′ (r0,εF, eV )
 , (40)
where G0 is the zero-bias (eV → 0) conductance of the junction without defect ,
G0 = e
2pi3R4~
〈|t|2〉
εF
ν2(εF)
〈(
v(+)z
)2〉
εF
. (41)
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In deriving Eq. (43) we have assumed that eV ≪ εF and r0 ≫ λF. Therefore, all functions
of the energy ε in Eq. (43) can be taken at ε = εF, except for the phase Γ0 (ε, r). When
eV ≪ εF,
Γ0 (r0, εF + eV ) ≈ Γ0 (εF) + ∂Γ0
∂εF
eV,
∂Γ0
∂εF
∼ 1
εF
r0
λF
(42)
and when the product (eV/εF)(r0/λF) ≫ 1 clearly the conductance (40) is an oscillatory
function of the voltage V . Note that if the inequality eV ≪ εF is not satisfied, the value of
the conductance (41) as well as the amplitude of its oscillations depend on V. The periods of
oscillations are defined by the energy dependence of the function Γ0 (ε, r0) and they remain
the same for any voltage. Below presenting formulas for the conductance in different cases we
don’t expand arguments of oscillatory functions in the parameter eV/εF. The obtained results
properly describe the total conductance at eV ≪ εF and also can be used for the analysis of
periods of oscillations at eV ≤ εF. In Eq.(40) the Λass (r0,εF, eV ) denotes the function (32),
in which Γ0 = Γ0 (r0, εF + eV ) . Equation (40) shows that for a tunnel junction of small size
the amplitude and period of conductance oscillations depend on the local geometry FS in
those points for which the velocity is directed along the vector r0.
In the case of a convex FS there is only one stationary phase point satisfying Eq. (31)
which allows simplifying the expression for the conductance (40). The oscillating part of the
conductance, ∆G, can be written as,
∆G
G0
=
g
2
〈(
v
(+)
z
)2〉
εF
ν (εF) (2pi~)
3 r20

(
v
(+)
z (ε,pt)
)2
∑
i,k=x,y,z
Aikn0in0k
sin (2Γ0(r0, εF + eV ))

pt=p
(st)
t
,
(43)
where n0 = r0/r0. The phase of the oscillations in the conductance, 2Γ0, is determined by
the phase that the electron accumulates along the trajectory from the contact to the defect
and back
2Γ0 (r0, ε) =
2
~
p(st)r0, (44)
where 2
∣∣p(st)∣∣ is the chord connecting the two points on the surface of constant energy for
which the velocities are antiparallel and aligned with the vector r0.
If the direction from the contact to the defect coincides with a direction of electron
velocities for a flat part of the FS we should use asymptotic expression (39) for the function
Λasfl (r0,ε) when calculating the conductance (40). For this case the oscillating part of the
conductance, ∆G, is given by,
∆G
G0
=
pigS2flv
2
z0〈(
v
(+)
z
)2〉
εF
|v0|2 ν (εF) (2pi~)4
sin
(
2 (εF + eV ) r0
~ |v0|
)
. (45)
Note that r0/ |v0| = z0/vz0. In the case when the FS has a flat part, the amplitude of
the conductance oscillations for those special directions does not depend on the distance
between the contact and the defect.
In the next sections we shall consider two models of anisotropic FSs. The first model, of an
ellipsoidal FS, illustrates the main features of the conductance oscillations for metals with a
convex FS, i.e. with positive Gaussian curvature. The FS of the second model has the shape
of a corrugated cylinder, which illustrates the effects of sign inversion of the curvature and
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FIG. 1: Gray-scale plot of the modulus of the wave function in the plane x = 0 for an ellipsoidal
FS. The shape of the FS is defined by the mass ratios mx/mz=1, my/mz = 3, and the long axis
of the ellipsoid is rotated by pi/4 around the x−axis, away from the y−axis. The coordinates are
measured in units of λz = ~/
√
2mzzε. The position of the defect is r0 = (0, 5, 15).
the presence of open directions of the FS. These two models allow us to obtain dependencies
of the conductance on the applied voltage and on the defect position in analytical form.
V. ELLIPSOIDAL FERMI SURFACE
For an ellipsoidal FS the Schro¨dinger equation (2) can, in fact, be solved exactly in the
limit R→ 0 and the wave function (19) and the conductance (25) can be found for arbitrary
distances between the contact and the defect. For this FS the dependence of the electron
energy ε on the momentum p is given by relation,
ε (p) =
1
2
∑
i,k=x,y,z
pkpi
mik
; (46)
were pi are the components of the electron momentum p, 1/mik are constants representing
the components of the inverse effective mass tensorm−1. The tensorm−1 can be diagonalized
to the form {m−1}ik = m−1i δik so that the momentum-space lengths
√
2εFmi correspond the
semi-axes of the FS ellipsoid ε (p) = εF.
For the ellipsoidal FS in absence of a defect (zeroth approximation) the wave function
ϕ(+) (r) (27) can be obtained by integration of Eq. (27) over momentum,
ϕ(+) (r) = t (ε,pt)
zpiR2 (2ε)3/2
~3
√
detm−1
eiΓ0 (1− iΓ0 (r))
Γ30 (r)
, (47)
where
Γ0 (ε, r) =
r
~
√
2ε
∑
i,k=x,y,z
µiknink, (48)
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and
t (ε,pt) =
~
iUmzz
√√√√2mzzε−mzz ∑
i,k=x,y
pipk
mik
+
(
mzz
∑
i=x,y
pi
mzi
)2
. (49)
Here, µik are the elements of the mass tensor µ, which is the inversive to the tensor m
−1
(µm−1 = I, with I the unitary tensor; µik = Aik/ detm
−1). The Green function (18) takes
the form
G+0 (r, r
′; ε) =
2pi
√
2ε
~3
√
detm−1

exp
(
i
√
Γ20 (r− r′) + 8εmzzzz′~2
)
√
Γ20 (r− r′) + 8εmzzzz′~2
− exp (iΓ0 (r− r
′))
Γ0 (r− r′)
 . (50)
Using Eqs. (47) and (50) we obtain the wave function (19) to first approximation in the
strength of the impurity potential. The modulus of this wave function is illustrated in
Fig. 1 for a plane normal to the interface passing through the impurity and the contact.
The long axis of the ellipsoid is rotated by pi/4 around the x−axis, away from the y−axis.
An interference pattern is visible of partial waves reflected from the impurity with those
emanating from the contact that is influenced by the anisotropy of the electronic band
structure.
The conductance in the limit of low temperatures, T → 0, is obtained from Eqs. (23),(25)
by integration over all directions of the momentum p and integration over the space coor-
dinate ρ in a plane z = const (z > z0), retaining only terms to first order in g (i.e. ignoring
multiple scattering at the impurity site),
Gell (V ) = Gell0
{
1− 12pi
2gz20 (2εF)
3/2
~5
√
mzz det [m−1]
1
Γ40 (εF, r0)
× (51)[(
1− 1
Γ20 (εF, r0)
)
sin 2Γ0 (εF + eV, r0) +
1
Γ0 (εF, r0)
cos 2Γ0 (εF + eV, r0)
]}
.
with Γ0 (ε, r) given by (44).
The amplitude of the conductance oscillations is maximal when Γ0 is minimal. For a
fixed depth z0 this minimum occurs when the defect position ρ0 is in the point ρ00 with
respect to the point contact at r = 0, where
ρ00 = z0
(
mzz/mzx
mzz/mzy
)
. (52)
The minimal value of the phase then becomes,
Γ00 = Γ0 (εF + eV,ρ00, z0) =
1
~
z0
√
2 (εF + eV )mzz; (53)
The phase Γ00 corresponds to the extremal value of the chord of the FS in the direction
normal to the interface. Gell0 in Eq. (51) is the conductance in the absence of a defect
(g = 0):
Gell0 =
2e2R4ε3F
9pi~3U2
√
det [m−1]
√
mzz
. (54)
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FIG. 2: Dependence of the oscillatory part of the conductance, ∆G, as a function of the position
of the defect ρ0 in the plane z = z0 for the same shape and orientation of the ellipsoidal FS as in
Fig. 1. The coordinates are measured in units λzF = ~/
√
2mzzεF and the defect sits at z0 = 5.
Fig. 2 shows a plot of the normalized conductance, Gell (0) /Gell0 , Eq. (51), for the contact
as a function of the position of the defect, ρ0, in the limit of low voltage, V → 0. We find
that Gell is an oscillatory function of the defect position that reflects the anisotropy of the
FS and the oscillations are largest when the defect is placed in the position ρ00, defined by
Eq. (52).
For the ellipsoidal model FS the wave function and conductance have been obtained
exactly, within the framework of the model. For large distances r and r0 they transform
into the asymptotic expressions, Eqs. (37), (40). We do not present the asymptotic form
explicitly but it agrees to within a term proportional to Γ−40 to the exact from, Eq.(51). In
Fig. 3 we compare the results for the calculations of the conductance by using the exact
(51) and asymptotic (40) expressions. The figure confirms that for relatively small distances
(Fig. 3(a)) the asymptotic formula still qualitatively describes the conductance very well and
that for larger distances (Fig. 3(b)) the two results are in a good agreement. The parameters
for the FS in Figs. 2 and 3 are the same as those for Fig. 1.
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FIG. 3: Comparison of the oscillating part of the conductance for an ellipsoidal FS calculated in
the point ρ0(52) of the maximum amplitude by using the asymptotic (dashed curve) and exact
(solid curve) formulas. The depths of the defect are z0 = 4 (a) and z0 = 10 (b) in units of λzF.
VI. OPEN FERMI SURFACE
The second model FS we want to discuss has the form of a corrugated cylinder (Fig. 4),
which is open along the direction pq,
ε (p) =
p2⊥
2m
+ ε1 sin
2 pqb
2
; −pi
b
≤ pq ≤ pi
b
; ε > ε1, (55)
where 2pi/b is the size of the Brillouin zone, and m is an effective mass. We further impose
that the momentum perpendicular to the symmetry axis of the FS remains finite,
p⊥max ≤ p⊥ ≤ p⊥min; (56)
where
p⊥max (ε) =
√
2mε; p⊥min (ε) =
√
2m (ε− ε1) (57)
are the maximal and minimal radii of the cylindrical surface, respectively. As a consequence
of rotational symmetry the Gaussian curvature K (34) of the surface depends only on p⊥.
The central part of the surface (‘belly’) has a positive curvature K > 0 while the ends near
the Brillouin zone boundary (‘necks’) have negative curvature. In the direction perpendic-
ular to the symmetry axis there are two partial waves propagating with different parallel
14
FIG. 4: Model of an open FS.
velocities, v1 and v2, belonging to the parts of FS having opposite sign of K. Rotating
away from the perpendicular direction towards the axis the two solutions persist but the
two corresponding points on the FS move closer together until they merge at the curve
defined by K = 0, the inflection line. For directions beyond this angle (i.e. for θ < θc in
Fig. 4) no propagating wave solutions exist. On the inflection line a unique solution with
velocity vc is found. For θ > θc there are two stationary phase points p⊥s (s = 1, 2) that
satisfy Eq. (31), corresponding two different velocities v(+) (p⊥s) directed along the radius
vector r. The larger value, p⊥2, belongs to the belly of the FS (K > 0) and the smaller one,
p⊥1, belongs to the neck (K < 0). At the inflection line of the surface we have,
∂2pq (ε, p⊥)
∂p2⊥
∣∣∣∣
p⊥=p⊥0
= 0, (58)
which defines the value of perpendicular momentum p⊥0. From this condition we obtain
p⊥0 =
√
p⊥maxp⊥min. (59)
The cone inside of which no propagating states exist is defined by the condition
vq
v⊥
∣∣∣∣
p⊥=p⊥0
= cotϑc =
b
2
(p⊥max − p⊥min) sgn (vq) , (60)
where the components of the velocity vq and v⊥ are given by,
vq =
ε1b
2
sin (pqb) ; v⊥ =
p⊥
m
. (61)
In spite of the simplicity of the model FS (55), the integrals in Eqs. (19),(25) cannot be
evaluated analytically. We can only discuss the asymptotic behavior for r0 ≫ λF. Qualita-
tively this result should also be valid for r0 > λF. For the directions that have two stationary
15
phase points, having opposite signs of the Gaussian curvature, Eq. (40) acquires the form
Gop = Gop0
1 + g cos2 ϑ(n0)
(2pi~)3 ~
〈(
v
(+)
z
)2〉
ν (εF) r20
∑
s,s′=1,2
1√∣∣∣K(s)0 (εF,n0)K(s′)0 (εF,n0)∣∣∣×
cos
(
Γ
(s)
0 (εF + eV, r0) +
pi
2
(1− s)
)
sin
(
Γ
(s′)
0 (εF + eV, r0) +
pi
2
(1− s′)
))
(62)
where Gop0 is the conductance of the contact without defect given by Eq. (41), Γ
(s)
0 (ε, r) =
Γ(p
(st)
t,s , r), and K
(s)
0 (ε,n) = K(p
(st)
t,s , ε).
The appearance of the conductance oscillations depends strongly on the orientation of
the FS with respect to the interface. Below we will consider two specific orientations, having
the axis of the FS either perpendicular or parallel to the interface.
A. Direction of open FS perpendicular to the interface
When the iso-energy surface is open along the contact axis z the components of the
momenta in Eq. (55) are p⊥ =
√
p2x + p
2
y and pq = pz. In this case the conductance of the
clean contact (without defect) becomes,
Gop0 =
pie2R4m2ε41b
2
8~3U2
. (63)
From Eq. (31) the stationary phase points for the iso-energy surface are,
p2⊥s =
1
2
(
p2⊥max + p
2
⊥min −
4
b2
cot2 ϑ+ (64)
(−1)s
√(
p2⊥max + p
2
⊥min −
4
b2
cot2 ϑ
)2
− 4p2⊥maxp2⊥min
 .
The angle ϑ = arccos(z/r) is defined by the direction of the radius vector r. The Gaussian
curvature K0 and the phase Γ0 in the points (64) are given by relations,
K
(s)
0 (ε,n) =
b2 (−1)s sin4 ϑ
4p2⊥s
√(
p2⊥max + p
2
⊥min −
4
b2
cot2 ϑ
)2
− 4p2⊥maxp2⊥min ; (65)
Γ
(s)
0 (ε, r) =
1
~
p⊥s
√
x2 + y2 +
2z
~b
arcsin
√
2mε− p2⊥s
2mε1
. (66)
The angle ϑ in Eqs. (64),(65) is contained within the interval ϑc ≤ ϑ ≤ pi/2, where the ϑc is
given by Eq. (60).
The modulus of the wave function is plotted in Fig. 5. For the calculation of the wave
function, Eq. (37), we used formulas (65) for the curvature and (66) for the phase in the
asymptotic expression for the integral Λas (32). Although, strictly speaking Eq. (37) is
not applicable in the vicinity of the contact and near the defect, nor inside the classically
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FIG. 5: Gray-scale plot of the modulus of the wave function in the plane x = 0 for a warped
cylindrical FS having the open direction along the contact axis z. The coordinates are measured
in units of λ|| = ~/
√
2mε. The parameters used in the model are ε1/ε = 0.9, b
√
2mε = 5.2, and a
defect sits at r0 = (0, 13, 18) .
inaccessible region, Fig. 5 illustrates the main features of this problem. One observes the
interference of the two partial waves with different velocities, the existence of a forbidden
cone, the anisotropy of the waves scattered by the defect, and the enhanced wave function
amplitude near the edge of the forbidden cone.
At the inflection lines, where K = 0 and θ is given by Eq. (60), the square root in Eq. (64)
is equal to zero. For this direction two stationary phase points merge and the electron veloc-
ity is directed along the cone of the classically forbidden region. The asymptotic expression
for the conductance (62) diverges at these points, which implies that the third derivative of
the phase, Eq. (29), with respect to p⊥ must be taken into account. When the vector r0
connecting the point contact to the defect lies along the cone of the forbidden region the
conductance oscillations have maximal amplitude and the conductance takes the form,
Gopmax = G
op
0
(
1− Cg
mε1
(
b2
~4z50
)1/3√
p⊥maxp⊥min (p⊥max − p⊥min)3 sin
(
2Γ00 − 5pi
6
))
,
where
Γ00 = Γ0 (p⊥0, z0) =
2z0
b~
 √p⊥maxp⊥min
p⊥max − p⊥min + arcsin
√
p2⊥max − p⊥maxp⊥min
2mε1
∣∣∣∣∣∣
ε=εF+eV
, (67)
and C is a numerical constant, C ≃ 1.97 ·10−4. The energy dependencies of p⊥max and p⊥min
are given by Eq. (57).
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FIG. 6: Dependence of the oscillatory part ∆G of the conductance, as a function of the lateral
position of the defect ρ0 in the plane z = z0. The open direction of the FS is oriented perpendicular
to the interface. The coordinates are measured in units of λ||F = ~/
√
2mεF. The parameters used
for the model FS (55) are ε1/εF = 0.9, b
√
2mεF = 6, and a defect sits at a depth of z0 = 11.
Fig. 6 shows a plot of the oscillatory part ∆G of the conductance Gop (0), Eq. (62), as a
function of the lateral position of the defect ρ0 for a fixed distance z0 from the interface. The
oscillation pattern has a ‘dead’ region in the center, corresponding to defect positions inside
the classically inaccessible part of the metal for electrons injected by the point contact. This
region is defined by the cone (60) and its radius ρ00 = z0/ cotϑc depends on the depth of
the defect under surface. The oscillations in the conductance are largest when the defect is
placed at the edge of the cone ρ0 = ρ00. In this case the defect is positioned in a direction
of velocity belonging to the inflection line of the FS and the electron flux in this direction
is maximal.
B. Direction of open FS parallel to the interface
The second orientation we want to discuss is that with the FS (55) having its open
direction (the axis) parallel to interface, with p⊥ = (px, pz) and pq = py. The existence
of a classically inaccessible region for this geometry leads to a strongly anisotropic current
density in the xy - plane. The expression for the point contact conductance without defect
Gop0 becomes,
Gop0 =
e2R4pi (2ε− ε1)2
4~3b2U2
. (68)
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The expressions for the phase, Eq. (44), and the Gaussian curvature, Eq. (34), now read,
Γ
(s)
0 (ε, r) =
1
~
(√
(x2 + z2) (2m (ε− ε1λs)) + 2 |y|
b
arcsin
√
λs
)
, (69)
and
K
(s)
0 (ε,n) = (−1)s
ε1b
2 sin4 θ
4 (ε− ε1λs)
√(
1 +
2 cot2 θ
mε1b2
)2
− 8ε cot
2 θ
mε21b
2
, (70)
respectively. For this geometry we use spherical coordinates, with θ the angle between the
vector r and the y-axis. The variables λ1,2 have been obtained from Eq. (31),
λs =
1
2
1 + 2 cot2 θmε1b2 + (−1)s
√(
1 +
2 cot2 θ
mε1b2
)2
− 8ε cot
2 θ
mε21b
2
 . (71)
The first stationary phase point, λ1, corresponds to a positive Gaussian curvature and the
second one, λ2, to a negative curvature. For θ = ϑc, Eq.(60), they become equal,
λ1 = λ2 =
1
2mε1
(
p2⊥max −
√
p2⊥maxp
2
⊥min
)
, (72)
and the curvature (70) vanishes.
Figure 7, acquired by using Eqs. (37), (69) and (70), illustrates the interference of waves
with different velocities the electrons emerging from the contact and the interference with
the waves scattered by the defect. For this geometry the classically inaccessible region is
found near the interface to both sides of the contact.
Figure 8 shows a plot of the oscillatory part ∆G of the conductance Gop(0) as a function
of the lateral position of the defect ρ0 for a fixed distance z0 from the interface. In this case
two ‘dead’ regions appear symmetrically with respect to the center of the oscillation pattern
along the open direction of the FS. The center of the pattern corresponds to a defect sitting
on the axis of the contact, ρ0 = 0, for which λ1 = 0, λ2 = 1, sin θ = 1, and cosϕ = 1. At
this point Eq. (40) takes the form
Gop (V ) = Gop0
{
1 +
4g
z20pi
2~ (p2⊥max + p
2
⊥min) ε1b
[
p2⊥min sin
(
2p⊥min(εF + eV )z0
~
)
(73)
−p2⊥max sin
(
2p⊥max(εF + eV )z0
~
)
+2p⊥maxp⊥min cos
(
p⊥max(εF + eV )z0 + p⊥min(εF + eV )z0
~
)]}
.
VII. DISCUSSION
We have analyzed the oscillatory voltage dependence of the conductance of a tunnel
junction in the presence of an elastic scattering center located inside the bulk for metals
with an anisotropic FS. These oscillations result from electron waves being scattered by
the defect and reflected back by the contact, interfering with electrons that are directly
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FIG. 7: Gray-scale plot of the modulus of the wave function in the plane x = 0 for the warped
cylindrical Fermi surface with the open direction along the y-axis and parallel to the plane of
interface. The coordinates are measured in units of λ||. The Fermi surface parameters are ε1/ε =
0.9, b
√
2mε = 5.2, and the defect position is r0 = (0, 10, 25).
transmitted through the contact. The introduction of anisotropic electron movement beams
the following implication: several points on the FS may share the same direction of the
group velocity vector v whereas other directions for v can be absent. Two non-spherical
shapes for the FS have been investigated: the ellipsoid and the corrugated cylinder (open
surface).
Contrary to the case of a spherical FS [8] in the ellipsoidal model (46) the center of the
conductance oscillation pattern does not need to coincide with the actual position of the
defect but is displaced over a vector ρ00 = z0 (mzz/mzx, mzz/mzy). When the STM tip is
placed at this point the oscillatory part of the conductance is given by,
∆G(V ) ∝ cos
(
2
~
z0
√
2 (εF + eV )mzz
)
. (74)
The oscillation period depends on 1/mzz, the component of the tensor of inversive mass
(35) for motion in the z-direction, and on the depth z0 of the defect. This allows us in
principle to map out the positions of defects, as long as the shape of the FS is known. Apart
from the period of the oscillations, there is also information in the amplitude. Since short
periods should correspond to small amplitudes this may be used for a test of consistency.
However, quantitatively the amplitude is also influenced by unknown factors such as the
defect scattering efficiency. The ellipsoidal FS is exceptional in that the problem can be
solved exactly. This allows us to compare the calculation with the asymptotic approximation,
and this shows that the approximation works very well for distances larger than λF .
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FIG. 8: Dependence of the oscillatory part ∆G of the conductance, as a function of the lateral
position of the defect ρ0 in the plane z = z0. The open direction of the FS is oriented parallel to
the interface along the y−direction. The coordinates are measured in units of λ||F. The parameters
used for the model FS (55) are ε1/εF = 0.9, b
√
2mεF = 6, and a defect sits at a depth of z0 = 11.
In the case of the corrugated cylinder (55) the open necks cause cones with opening angle
2ϑc (defined by the inflection line of the FS) to be classically inaccessible. If the orientation
is such that the open direction is orthogonal to the surface this will result in a ‘dead’ region
with radius z0/ cotϑc (60) where no conductance fluctuations can be observed. Thus, by
measuring the size of this dead region we directly obtain the position of the defect. The
oscillation amplitude will be maximal at the border of the dead region, since the current
density will be highest in the direction of the group velocity at the inflection line. In
analogy to a hurricane the ‘eye’ is surrounded by a ring of intense currents. Such rings of
high amplitude oscillations have already been reported very recently in experiments on Ag
and Cu(111) surfaces [18]. For our model FS, along this border the oscillating part of the
conductance is, apart from a phase factor, described by,
∆G(V ) ∝ sin
4z0
b~
 √p⊥maxp⊥min
p⊥max − p⊥min + arcsin
√
p2⊥max − p⊥maxp⊥min
2mε1
∣∣∣∣∣∣
ε=εF+eV
 , (75)
where p⊥max and p⊥min are the maximal and minimal radii of the surface of constant energy in
the direction perpendicular to the axis of the cylinder (57), ε1 is the amplitude of corrugation
of the FS, and 2pi/b is the size of the Brillouin zone. Again we find that the depth of the
defect is determining the oscillation period, so that for given FS parameters this information
can be exploited to investigate the structure of the metal below the surface.
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If the open direction is parallel with the surface the highest amplitude will be found with
the STM tip straight above the defect. For ρ0 = 0 the conductance oscillations are described
by Eq. (73). Clearly, the oscillation pattern is more complicated than that from Eq. 74, since
there are contributions from the belly as well as from the neck parts of the FS, plus a sum
frequency. For small necks the signal will be dominated by the oscillation due to the belly.
Although the two models presented in this paper are still rather artificial, they provide
insights that are quite valuable for experimental work in this field. The most prominent
conclusion is that the regular oscillations due to convex parts of the FS, that behave as for
the isotropic FS discussed previously [8], will often be dominated by signals due to special
directions. On any surface that features regions of zero curvature, the strongest conductance
fluctuations will come from electrons travelling with the group velocity of that region. Not
only does this hold for the inflection lines around the necks in the (111) direction of e.g. Cu,
Ag or Au, it is also true for the almost flat facets in the (110) direction of the same metals.
In the case of an inflection line the signal will decay as r−5/3, whereas for a flat facet the
signal does not decay at all. This effect can be exploited for imaging defects up to much
larger depths than previously estimated. The particular shape of the FS for nearly all metals
contain many detailed features that will allow us to check the validity of the conclusions
drawn from the measured data.
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